). In this model the transition probability W i→f for an electron to tunnel between tip and sample is
with M i→j as the matrix elements given by the interaction of the scattering electron with the localized spin of the molecule
Here, |ϕ, ψ is the combined state vector of the localized spin and the electron and S ϕ,ψ = {σ x ,σ y ,σ z } are the standard Pauli matrices for a spin-1/2 system. The eigenstates and energies of the localized spin of the molecule are given by the Zeeman HamiltonianĤ = 2gµ B S ϕ · B with g as the gyromagnetic factor, µ B the Bohr magneton, and B the external magnetic field.
In this model the tunneling conductance σ(eV ) = dI/dV (V ) due to the electron-spin interaction has the following contributions:
Here, c ∝ τ
is the thermal occupation of the localized spin in the state i,
−2 is the thermally broadened step function [34] , ∆ if = E f −E i is the energy difference between the spin states of the molecule, and g( ) the function originating from the divergence of the second term in equation S1. In our model we numerically evaluate g( ) as At zero field the conductance simplifies to σ(eV ) = σ 0 − α × g(eV /(k B T )) leaving the temperature T as the only relevant fit parameter. We note that the ratio between the intensity of the many-particle state α and the background conductance σ 0 varies strongly with the tip position on the molecule but reaches up to 30%.
At B = 0 the step-like structure is governed by ordinary inelastic spin-flip scattering of σ 1 in equation S3 [12, 36] . The additional logarithmic peaks in the conductance result from the different possible higher order scattering paths described by σ 2 . We determine ρ 0 J by analyzing the intensity of these peaks.
Here, we note that the perturbative approach only holds as long as higher order contri- 
which has been successfully used to describe experimental AFM Kondo data [28, 37] . Applying the model on our data yields overall good fits at elevated temperatures, but at low temperature the fit quality deviates significantly (Figure 3a main text) .
Additionally, the temperature dependence of the HWHM (half-width at half-maximum) Γ = 2.54 × Γ F extracted from the Frota-fits does not match the predictions of a strong cou-pling AFM-Kondo system, for which the Frota function is designed. In the strong coupling limit the peak width Γ at T = 0 K defines the Kondo temperature T K = Γ/k B , while at finite temperatures the peak broadens in the Fermi-liquid approximation to to zero temperature where we let α be a free fit parameter results in an unphysically high α = 15.2 ± 0.9 and T K = 15.7 ± 2.5 K.
Since a S = 1/2 AFM Kondo resonance is not expected to split under magnetic fields up
, we would expect to observe no splitting below B ≈ 6 T, contrary to the observed data where we see a clear splitting at B = 2 T (Fig. 4a main paper) .
Supplementary Note 3. LINESHAPE FOR PARALLEL TUNNELING CHAN-NELS
The Kondo resonance found on single magnetic adatoms on noble metal surface is usually well described by a Fano function rather than a Lorentzian or Frota function, because the electrons from the tip tunnel predominantly into the conduction band rather than into the Kondo state. Analogous to the calculations of the line shape for a Lorentzian [27, 39], we can obtain the line shape in case of Kondo effect in the weak coupling regime if the tip couples only weakly to the impurity state. The local density of states due to the presence of the spin at zero field is given by
Hence we can calculate the impurities Green's function to
with P as the principal value integral.
The real part of the Green's function is essentially a step function, for ω 0 → ∞, one would obtain ReG(ω) ∝ f (ω, T ). From the Green's function, the change in conductance due to the impurity can be obtained [27] δG ∝ (q 2 − 1) G imp + 2q G imp .
For metal adatoms on metal surfaces, typically q ≈ 0 has been found, in which case δG becomes a logarithmic dip. For q ≈ 1, the line shape becomes asymmetric, and for q → ∞, the logarithmic peak is recovered (see Supplementary Figure S4 ). Two physical processes control the value of q: neglecting tunneling to the impurity state, it is controlled by the position of the impurity state within the conduction band [27] ; if tunneling to the impurity state cannot be neglected as in the case here, the stronger direct tunneling is the closer the line shape comes to the density of states of the impurity state [39] . Our results indicate that we have a strong direct tunneling channel and only small contributions from channels which go to the conduction band.
